Introduction {#Sec1}
============

The generating functions are the key tool in analytic number theory for defining and obtaining properties to special polynomials such as Bernoulli, Euler, Hermite, and Genocchi polynomials. The idea behind the generating functions are that we can effectually transform problems about sequences into problems about functions. The generating functions have many advantages. For instance, we can apply various operations on generating functions such as scaling, addition, product, integration, and differentiation.

The Bernstein polynomials, which are called by the name of their creator \[[@CR2]\], have many applications in mathematics, engineering, CAGD, and statistics. The reason for the emergence of Bernstein polynomials is the study of the existence of polynomials that are constantly approaching each function at $\documentclass[12pt]{minimal}
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                \begin{document}$[ 0,1 ] $\end{document}$. Many useful and important studies have been carried out in approximation theory with the definition of Bernstein polynomials (see \[[@CR3]\] and \[[@CR4]\]). Phillips obtained Bernstein polynomials that depend on *q*-integers \[[@CR5]\]. Oruc and Phillips defined *q*-Bernstein polynomials and Bezier curves and showed useful results for these polynomials and curves \[[@CR6]\]. Lewanowicz and Wozny obtained some applications and found interesting formulae for Bezier representations and coefficients \[[@CR7]\]. Khan and Lobiyal studied Lupaş type $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-Bezier curves and surfaces \[[@CR8]\]. Perez and Palacin proposed an estimation for a quantile function by using the Bernstein polynomials as smooth weight functions \[[@CR9]\]. Esi et al. studied statistical convergence and derived new theorems for Bernstein polynomials \[[@CR10]\]. In recent years, $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-calculus has been progressed rapidly by many researchers in \[[@CR11]--[@CR13]\], and \[[@CR14]\].

In analytic number theory, Bernstein polynomials are an important polynomials family because they have very close relations with special numbers and polynomials such as Stirling numbers, Bernoulli polynomials, Euler polynomials, and so on. Obtaining the generating function for the Bernstein polynomials \[[@CR15]\] has led to an increase and acceleration of studies in this area. For instance, Araci and Acikgoz derived some combinatorial relations and properties between Bernstein and Frobenius--Euler polynomials by using the concept of generating function and fermionic *p*-adic integral on $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{Z} _{p}$\end{document}$ \[[@CR16]\]. Acikgoz et al. obtained a new forming between *q*-Bernoulli numbers and polynomials and *q*-Bernstein polynomials (see \[[@CR17]\] and \[[@CR18]\]). Kim proposed new *q*-Bernstein polynomials and showed some of their representations by using the fermionic *p*-adic integral \[[@CR19]\]. Bayad and Kim found some theorems and corollaries related to *q*-Bernoulli, *q*-Euler, and Bernstein polynomials \[[@CR20]\]. Simsek et al. gave some new results for Bernstein and *q*-Bernstein polynomials by using some special functions, polynomials, and numbers (\[[@CR21], [@CR22]\], and \[[@CR23]\]).

In this article, our main goal is to obtain a generating function of $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-Bernstein polynomials by using the $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-hypergeometric functions. After that, we present some theorems and identities by using the mathematical operators on a generating function of $\documentclass[12pt]{minimal}
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Miscellaneous definitions and notations {#Sec2}
=======================================

In this part, we give definitions and notations related to $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-calculus and use some of them in the subsequent chapters.
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                \begin{document} $$\begin{aligned} \begin{aligned} &[ 1 ] _{p,q} =1, \\ &[ 2 ] _{p,q} =p+q , \\ &{}[ 3 ] _{p,q} =p^{2}+pq+q^{2}, \\ &\quad \text{and so on,} \end{aligned} \end{aligned}$$ \end{document}$$ see \[[@CR24], [@CR25]\], and \[[@CR26]\].
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                \begin{document}$(p,q)$\end{document}$-Binomial coefficients are defined as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-derivative operator is determined as ([2.4](#Equ4){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-exponential functions as in the *q*-calculus. These functions are defined as follows: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \begin{aligned} &e_{p,q}(x) =\sum_{n=0}^{\infty}p^{\binom{n}{2}} \frac{x^{n}}{ ( ( p,q ); ( p,q ) ) _{n}}, \\ &E_{p,q}(x) =\sum_{n=0}^{\infty}q^{\binom{n}{2}} \frac{x^{n}}{ ( ( p,q ) ; ( p,q ) ) _{n}}, \end{aligned} \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-analog of *q*-shifted operator (cf. \[[@CR24], [@CR25]\], and \[[@CR26]\]). This operator is described by the following identity: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl( ( 1,a ) ; ( p,q ) \bigr) _{n}= \bigl( ( 1,a ) ; ( p,q ) \bigr) _{k} \bigl( \bigl( p^{k},aq^{k} \bigr) ; ( p,q ) \bigr) _{n-k}. $$\end{document}$$

The hypergeometric series concept has moved to $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-calculus and was studied in detail by researchers (see \[[@CR24]\] and \[[@CR25]\]). The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(p,q)$\end{document}$-hypergeometric series are given by the following equation: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &{}_{r}\Phi_{s} \bigl( ( a_{1p},a_{1q} ) ,\ldots, ( a_{rp},a_{rq} ), ( b_{1p},b_{1q} ),\ldots, \bigl( ( b_{sp},b_{sq} ) \bigr), ( p,q ),z \bigr) \\ &\quad=\sum_{n=0}^{\infty}\frac{ ( ( a_{1p},a_{1q} ) ,\ldots, ( a_{rp},a_{rq} ), ( p,q ) ) _{n}}{ ( ( p,q ), ( b_{1p},b_{1q} ),\ldots, ( ( b_{sp},b_{sq} ) ), ( p,q ) ) _{n} ( ( p,q ), ( p,q ) ) _{n}} \\ &\qquad{}\times \biggl( ( -1 ) ^{n} \biggl( \frac{q}{p} \biggr) ^{\binom{n}{2}} \biggr) ^{1+s-r}, \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl( ( a_{1p},a_{1q} ),\ldots, ( a_{rp},a_{rq} ), ( p,q ) \bigr) _{n}=\prod_{j=1}^{r} \bigl( ( a_{1p},a_{1q} ), ( p,q ) \bigr) _{n}. $$\end{document}$$

By using the definition of ([2.6](#Equ6){ref-type=""}), we obtain $\documentclass[12pt]{minimal}
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                \begin{document}$$ _{r}\Phi_{s} \bigl( ( a,b ),-, ( p,q ),z \bigr) = \frac{ ( ( p,bz ) ; ( p,q ) ) _{\infty }}{ ( ( p,az ) ; ( p,q ) ) _{\infty}}. $$\end{document}$$
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                \begin{document}$(p,q)$\end{document}$-hypergeometric series in the following theorem: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ e_{p,q}(x)={}_{r}\Phi_{s} \bigl( ( 1,0 ),-, ( p,q ) ,z \bigr) $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ E_{p,q}(x)={}_{r}\Phi_{s} \bigl( ( 0,1 ),-, ( p,q ) ,z \bigr). $$\end{document}$$
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Remark 1 {#FPar1}
--------

(cf. \[[@CR27]\])
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                \begin{document}$(p,q)$\end{document}$-integers are a good bit similar. However, they have an important difference. One may obtain an equality by using the definition of $\documentclass[12pt]{minimal}
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Main results {#Sec3}
============

In this section, we start with definition for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(p,q)$\end{document}$-Bernstein polynomials by means of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(p,q)$\end{document}$-analog of *q*-shifted operator. Thanks to this definition, we give the generating function for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Definition 1 {#FPar2}
------------

(cf. \[[@CR28]\])

Let *k* and *n* be arbitrary positive integers. The $\documentclass[12pt]{minimal}
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These polynomials are given as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ B_{k,n}(x;p,q)=\frac{p^{\binom{k}{2}-\binom{n}{2}} ( ( 1,x ) ; ( p,q ) ) _{k} ( ( p^{k},q^{k+1} ) ; ( p,q ) ) _{n-k}x^{k}}{ ( ( p,q ) ; ( p,q ) ) _{n-k}}. $$\end{document}$$

Generating function of $\documentclass[12pt]{minimal}
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                \begin{document}$( p,q ) $\end{document}$-Bernstein polynomials {#Sec4}
-------------------------------------------------------------------------------

So far we have mentioned $\documentclass[12pt]{minimal}
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By using an approach similar to that of Goldman et al. \[[@CR1]\], we arrive at the following theorem.

### Theorem 1 {#FPar3}

*For* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \digamma_{k}^{p,q} ( x,t ) =p^{\binom{k}{2}-\binom {n}{2}} \frac{ ( xt ) ^{k}}{ [ k ] _{p,q}!}\frac{\varepsilon _{p,q}(t)}{\varepsilon_{p,q}(xt)}=\sum_{n=k}^{\infty}B_{k,n}(x;p,q) \frac {t^{n}}{ [ n ] _{p,q}!}. $$\end{document}$$

### Proof {#FPar4}

The proof of this theorem is similar to those of Goldman et al. \[[@CR1]\] and \[[@CR22]\]. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbf{F}_{k}^{p,q} ( x,t,c ) $\end{document}$ be generating functions of $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-Bernstein polynomials. So we have the following formal definitions, respectively: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \digamma_{k}^{p,q} ( x,t ) =\sum _{n=k}^{\infty }B_{k,n}(x;p,q)\frac{t^{n}}{ [ n ] _{p,q}!} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathbf{F}_{k}^{p,q} ( x,t,c ) =\sum _{n=k}^{\infty }B_{k,n}(x;p,q)\frac{t^{n}}{ ( ( 1,c ) ; ( p,q ) ) _{n}}. $$\end{document}$$ By substituting the right-hand side of ([3.2](#Equ15){ref-type=""}) into ([3.5](#Equ18){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\mathbf{F}_{k}^{p,q} ( x,t,c ) \\ &\quad=\sum _{n=k}^{\infty }\frac{p^{\binom{k}{2}-\binom{n}{2}} ( ( 1,x ) ; ( p,q ) ) _{k} ( ( p^{k},q^{k+1} ) ; ( p,q ) ) _{n-k}x^{k}}{ ( ( p,q ) ; ( p,q ) ) _{n-k}}\frac{t^{n}}{ ( ( 1,c ) ; ( p,q ) ) _{n}} \\ &\quad=\frac{x^{k}t^{k}p^{\binom{k}{2}}}{ ( ( 1,c ) ; ( p,q ) ) _{k}}\sum_{n=k}^{\infty} \frac{p^{-\binom{n}{2}} ( ( 1,x ) ; ( p,q ) ) _{k} ( ( p^{k},q^{k+1} ) ; ( p,q ) ) _{n-k}}{ ( ( p,q ) ; ( p,q ) ) _{n-k} ( ( p^{k},cq^{k} ) ; ( p,q ) ) _{n-k}}t^{n-k} \\ &\quad={}_{2}\Phi_{1} \bigl( ( 1,x ), \bigl( p^{k+1},q^{k+1} \bigr) ; \bigl( p^{k},cq^{k} \bigr), ( p,q ),t \bigr) \frac {x^{k}t^{k}p^{\binom{k}{2}-\binom{n}{2}}}{ ( ( 1,c ) ; ( p,q ) ) _{k}}. \end{aligned}$$ \end{document}$$ From ([3.4](#Equ17){ref-type=""}) and ([3.5](#Equ18){ref-type=""}), we have the following equality: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \digamma_{k}^{p,q} ( x,t ) &=\sum _{n=k}^{\infty }B_{k,n}(x;p,q)\frac{t^{n}}{ [ n ] _{p,q}!} \\ &=\sum_{n=k}^{\infty}B_{k,n}(x;p,q) \frac{ ( p-q ) ^{n}t^{n}}{ ( ( p,q ) ; ( p,q ) ) _{n}} \\ &=\mathbf{F}_{k}^{p,q} \bigl( ( 1,x ), ( p-q ) t, ( p,q ) \bigr). \end{aligned}$$ \end{document}$$ From the right-hand side of ([3.7](#Equ20){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\mathbf{F}_{k}^{p,q} \bigl( ( 1,x ), ( p-q ) t, ( p,q ) \bigr) \\ &\quad=\sum_{n=k}^{\infty}\frac{p^{\binom{k}{2}-\binom{n}{2}} ( ( 1,x ) ; ( p,q ) ) _{k} ( ( p^{k},q^{k+1} ) ; ( p,q ) ) _{n-k}x^{k}}{ ( ( p,q ) ; ( p,q ) ) _{n-k} ( ( p,q ) ; ( p,q ) ) _{n-k}} \frac{ ( p-q ) ^{n}t^{n}}{ ( ( p,q ) ; ( p,q ) ) _{n}} \\ &\quad=\frac{p^{\binom{k}{2}} ( x ( p-q ) t ) ^{k}}{ ( ( p,q ) ; ( p,q ) ) _{k}}\sum_{n=k}^{\infty } \frac{ ( ( 1,x ) ; ( p,q ) ) _{n-k} ( ( p^{k},q^{k+1} ) ; ( p,q ) ) _{n-k}t^{n-k}}{ ( ( p,q ) ; ( p,q ) ) _{n-k} ( ( p^{k+1},q^{k+1} ) ; ( p,q ) ) _{n-k}} \\ &\quad={}_{1}\Phi_{0} \bigl( ( 1,x ),-; ( p,q ), ( p-q ) t \bigr) \frac{p^{\binom{k}{2}-\binom{n}{2}} ( x ( p-q ) t ) ^{k}}{ ( ( p,q ) ; ( p,q ) ) _{k}} \end{aligned}$$ \end{document}$$ by using the definition of $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &=\frac{p^{\binom{k}{2}-\binom{n}{2}} ( x ( p-q ) t ) ^{k}}{ ( ( p,q ) ; ( p,q ) ) _{k}}\frac { ( ( p,x ( p-q ) t ), ( p,q ) ) _{\infty}}{ ( ( p, ( p-q ) t ), ( p,q ) ) _{\infty}} \\ &=p^{\binom{k}{2}-\binom{n}{2}}\frac{ ( xt ) ^{k}}{ [ k ] _{p,q}!}\frac{ ( ( p,x ( p-q ) t ), ( p,q ) ) _{\infty}}{ ( ( p, ( p-q ) t ) , ( p,q ) ) _{\infty}} \\ &=p^{\binom{k}{2}-\binom{n}{2}}\frac{ ( xt ) ^{k}}{ [ k ] _{p,q}!}\frac{e_{p,q}( ( p-q ) t)}{e_{p,q}( ( p-q ) xt)}. \end{aligned}$$ \end{document}$$ From ([2.12](#Equ12){ref-type=""}), we obtain that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \digamma_{k}^{p,q} ( x,t ) =p^{\binom{k}{2}-\binom {n}{2}} \frac{ ( xt ) ^{k}}{ [ k ] _{p,q}!}\frac{\varepsilon _{p,q}(t)}{\varepsilon_{p,q}(xt)}. $$\end{document}$$ Therefore, we arrive at the desired result. □

### Remark 2 {#FPar5}

The above defined function can be called a generating function of $\documentclass[12pt]{minimal}
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The graph of a generating function of $\documentclass[12pt]{minimal}
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                \begin{document}$( p,q ) $\end{document}$-Bernstein polynomials {#Sec5}
-------------------------------------------------------------------------------

In this section, by using a similar method to that of the work of Kucukoglu and Simsek \[[@CR29]\], in which a simulation for the extension of unification of Bernstein type basis functions is provided, we provide a simulation for a generating function of the $\documentclass[12pt]{minimal}
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Some properties for the generating function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( p,q ) $\end{document}$-Bernstein polynomials {#Sec6}
-------------------------------------------------------------------------------

In this section, by using Theorem [1](#FPar3){ref-type="sec"} in Sect. [3.1](#Sec4){ref-type="sec"}, we give some results for the generating function. Having obtained these results, we give some new identities for the $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-calculus.

Thus we give the following theorem.

### Theorem 2 {#FPar6}

*For* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{k=0}^{\infty}\digamma_{k}^{p,q} ( x,t ) z^{k}=\frac {\varepsilon_{p,q}(xtz)\varepsilon_{p,q}(t)}{\varepsilon _{p,q}(xt)}p^{-\binom{n}{2}}. $$\end{document}$$

### Proof {#FPar7}

By using a similar method to that of Goldman et al. \[[@CR1]\], we can prove this theorem. By using the series expansion for ([3.3](#Equ16){ref-type=""}) depending on *k* and *z*, we have the following equality: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \sum_{k=0}^{\infty}\digamma_{k}^{p,q} ( x,t ) z^{k} &=\sum_{k=0}^{\infty} \biggl( \frac{ ( xtz ) ^{k}}{ [ k ] _{p,q}!}p^{\binom{k}{2}} \biggr) \frac{\varepsilon _{p,q}(t)}{\varepsilon _{p,q}(xt)}p^{-\binom{n}{2}} \\ &=\frac{\varepsilon_{p,q}(xtz)\varepsilon_{p,q}(t)}{\varepsilon _{p,q}(xt)}p^{-\binom{n}{2}}. \end{aligned}$$ \end{document}$$ □

### Corollary 1 {#FPar8}
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### Proof {#FPar9}
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                \begin{document}$z=1$\end{document}$ in ([3.8](#Equ21){ref-type=""}), we obtain the following identity: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{k=0}^{\infty}\digamma_{k}^{p,q} ( x,t ) =p^{-\binom {n}{2}}\varepsilon_{p,q}(t). $$\end{document}$$ If we expand both sides of ([3.3](#Equ16){ref-type=""}) to a series depending on *k*, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{k=0}^{\infty}\digamma_{k}^{p,q} ( x,t ) =\sum_{k=0}^{\infty } \Biggl( \sum _{n=k}^{\infty}B_{k,n}(x;p,q) \frac{t^{n}}{ [ n ] _{p,q}!} \Biggr). $$\end{document}$$ By applying the Cauchy product to the above equation, we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{n=0}^{\infty}\frac{t^{n}}{ [ n ] _{p,q}!}\sum_{k=0}^{n}B_{k,n}(x;p,q)=\sum _{n=0}^{\infty}\frac{t^{n}}{ [ n ] _{p,q}!}. $$\end{document}$$ By equating the coefficients of $\documentclass[12pt]{minimal}
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                \begin{document}$\frac{t^{n}}{ [ n ] _{p,q}!}$\end{document}$ in ([3.11](#Equ24){ref-type=""}), the desired result is obtained. □

### Remark 3 {#FPar10}

When $\documentclass[12pt]{minimal}
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                \begin{document}$p=1$\end{document}$, Corollary [1](#FPar8){ref-type="sec"} is reduced to Corollary 4.2 in \[[@CR1]\].

### Corollary 2 {#FPar11}
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                \begin{document}$$ \sum_{l=0}^{n-k} \left [ \begin{matrix} n \\ l\end{matrix} \right ]_{p,q}x^{l}p^{\binom{l}{2}}B_{k}^{n-l} ( x;p,q ) =p^{\binom{k}{2}} \left [ \begin{matrix} n \\ k\end{matrix} \right ]_{p,q}x^{k}. $$\end{document}$$

### Proof {#FPar12}

We give an alternative form of the generating function for $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-Bernstein polynomials as follows: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \varepsilon_{p,q}(xt)\digamma_{k}^{p,q} ( x,t ) =p^{\binom {k}{2}-\binom{n}{2}}\frac{ ( xt ) ^{k}\varepsilon _{p,q}(t)}{ [ k ] _{p,q}!}. $$\end{document}$$ By using the definition of a generating function and Taylor series for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{n=0}^{\infty}p^{\binom{n}{2}} \frac{ ( xt ) ^{n}}{ [ n ] _{p,q}!}\sum_{n=k}^{\infty}B_{k,n}(x;p,q) \frac{t^{n}}{ [ n ] _{p,q}!}=p^{\binom{k}{2}-\binom{n}{2}}\frac{ ( xt ) ^{k}}{ [ k ] _{p,q}!}\sum _{n=0}^{\infty}p^{\binom{n}{2}}\frac {t^{n}}{ [ n ] _{p,q}!}. $$\end{document}$$ By applying the Cauchy product to the above equation, we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{n=0}^{\infty} \left ( \sum _{l=0}^{n-k} \left [ \begin{matrix} n \\ l\end{matrix} \right ]_{p,q}x^{l}p^{\binom{l}{2}}B_{k}^{n-l} ( x;p,q ) \right )\frac {t^{n}}{ [ n ] _{p,q}!}=\sum_{n=0}^{\infty}x^{k}p^{\binom{k}{2}} \left [ \begin{matrix} n \\ k\end{matrix} \right ]_{p,q}\frac{t^{n}}{ [ n ] _{p,q}!}. $$\end{document}$$ Comparing the coefficients of $\documentclass[12pt]{minimal}
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                \begin{document}$\frac{t^{n}}{ [ n ] _{p,q}!}$\end{document}$ in ([3.13](#Equ26){ref-type=""}), we arrive at the desired result. □

### Remark 4 {#FPar13}

When $\documentclass[12pt]{minimal}
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                \begin{document}$p=1$\end{document}$, Corollary [2](#FPar11){ref-type="sec"} is reduced to Corollary 4.3 in \[[@CR1]\].

Recurrence relations and derivative of $\documentclass[12pt]{minimal}
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                \begin{document}$B_{k,n}(x;p,q)$\end{document}$ {#Sec7}
---------------------------------------------------------------------

In this section, we obtain not only the derivative operator to a generating function of $\documentclass[12pt]{minimal}
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### Corollary 3 {#FPar14}

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$ D_{p,q,x} \bigl( \digamma_{k}^{p,q} ( x,t ) \bigr) =p^{\binom{k}{2}-\binom{n}{2}}\frac{t^{k}\varepsilon_{p,q}(t)}{ [ k ] _{p,q}!} \biggl[ ( px ) ^{k} \varepsilon_{p,q}(pxt)+\frac {1}{\varepsilon _{p,q}(qxt)} [ k ] _{p,q}x^{k-1} \biggr], $$\end{document}$$
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### Proof {#FPar15}

By using the same method as that of Theorem 4.7 in the work of Goldman et al. \[[@CR1]\], we can prove this corollary. By using the derivative of the generating function for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} D_{p,q,x} \bigl( \digamma_{k}^{p,q} ( x,t ) \bigr) &= D_{p,q,x} \biggl( p^{\binom{k}{2}-\binom{n}{2}}\frac{ ( xt ) ^{k}}{ [ k ] _{p,q}!} \frac{\varepsilon_{p,q}(t)}{\varepsilon _{p,q}(xt)} \biggr) \\ &= p^{\binom{k}{2}-\binom{n}{2}}\frac{t^{k}\varepsilon _{p,q}(t)}{ [ k ] _{p,q}!}D_{p,q,x} \biggl( \frac{x^{k}}{\varepsilon _{p,q}(xt)} \biggr). \end{aligned}$$ \end{document}$$ From the division property of $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} D_{p,q,x} \bigl( \digamma_{k}^{p,q} ( x,t ) \bigr) =p^{\binom{k}{2}-\binom{n}{2}}\frac{t^{k}\varepsilon_{p,q}(t)x^{k}}{ [ k ] _{p,q}!} \biggl[ ( px ) ^{k}D_{p,q,x} \biggl( \frac{1}{\varepsilon _{p,q}(xt)} \biggr) + \frac{1}{\varepsilon_{p,q}(qxt)} [ k ] _{p,q}x^{k-1} \biggr]. \end{aligned}$$ \end{document}$$ After some basic calculations based on $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$-calculus in the above equation, we arrive at the desired result. □

### Corollary 4 {#FPar16}
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                \begin{document} $$\begin{aligned} D_{p,q,t} \bigl( \digamma_{k}^{p,q} ( x,t ) \bigr) ={}& \frac {p^{k-1}\varepsilon_{p,q}(pt)x}{\varepsilon_{p,q}(qt)}\digamma _{k-1}^{p,q} ( x,qt ) + \frac{q^{k}\varepsilon_{p,q}(pt)}{\varepsilon_{p,q}(qt)}\digamma_{k}^{p,q} ( x,qt ) \\ &{} - \frac{\varepsilon_{p,q}(xpt)}{\varepsilon_{p,q}(xqt)}\digamma _{k}^{p,q} ( x,qt ). \end{aligned}$$ \end{document}$$

### Proof {#FPar17}

Multiplying both sides of the generating function for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \varepsilon_{p,q}(xt)\digamma_{k}^{p,q} ( x,t ) =p^{\binom {k}{2}-\binom{n}{2}}\frac{ ( xt ) ^{k}}{ [ k ] _{p,q}!} \varepsilon_{p,q}(t). $$\end{document}$$ By differentiating the equation in ([3.16](#Equ29){ref-type=""}) with respect to *t*, we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} D_{p,q,t} \bigl( \varepsilon_{p,q}(xt)\digamma_{k}^{p,q} ( x,t ) \bigr) &= D_{p,q,t} \biggl( p^{\binom{k}{2}-\binom{n}{2}}\frac { ( xt ) ^{k}}{ [ k ] _{p,q}!} \varepsilon_{p,q}(t) \biggr) \\ &= p^{\binom{k}{2}-\binom{n}{2}}\frac{x^{k}}{ [ k ] _{p,q}!}D_{p,q,t} \bigl( t^{k}\varepsilon_{p,q}(t) \bigr). \end{aligned}$$ \end{document}$$ By applying the product rule of $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\digamma_{k}^{p,q} ( x,pt ) \varepsilon _{p,q}(xpt)+\varepsilon _{p,q}(xqt)D_{p,q,t} \bigl( \digamma_{k}^{p,q} ( x,t ) \bigr) \\ &\quad= p^{\binom{k}{2}-\binom{n}{2}}\frac{x^{k}}{ [ k ] _{p,q}!} \bigl( \varepsilon_{p,q}(pt) [ k ] _{p,q}t^{k-1}+ ( qt ) ^{k}\varepsilon_{p,q}(pt) \bigr). \end{aligned}$$ \end{document}$$ Applying the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$\digamma_{k}^{p,q} ( x,t ) $\end{document}$ in ([3.18](#Equ31){ref-type=""}), we complete the proof of the corollary. □

### Corollary 5 {#FPar18}
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                \begin{document} $$\begin{aligned} \digamma_{k}^{p,q} ( xy,t ) =p^{\binom{n}{2}-\binom {s}{2}-\binom{l}{2}} \frac{ [ l ] _{p,q}! [ s ] _{p,q}!}{ [ k ] _{p,q}!}x^{k-l-s}y^{k-s}t^{k-l-s} \digamma_{l}^{p,q} ( x,t ) \digamma_{s}^{p,q} ( x,yt ), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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### Proof {#FPar19}
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                \begin{document}$\digamma_{k}^{p,q} ( xy,t ) $\end{document}$ in the following equation: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \digamma_{k}^{p,q} ( xy,t ) ={}&p^{\binom{k}{2}-\binom {n}{2}} \frac{ ( xyt ) ^{k}}{ [ k ] _{p,q}!}\frac{\varepsilon _{p,q}(t)}{\varepsilon_{p,q}(xyt)} \\ ={}&p^{\binom{k}{2}-\binom{n}{2}}\frac{ ( xyt ) ^{k}}{ [ k ] _{p,q}!}\frac{\varepsilon_{p,q}(t)}{\varepsilon_{p,q}(xt)}\frac{\varepsilon_{p,q}(xt)}{\varepsilon_{p,q}(yxt)} \\ ={}&p^{\binom{n}{2}-\binom{s}{2}-\binom{l}{2}}\frac{ [ l ] _{p,q}! [ s ] _{p,q}!}{ [ k ] _{p,q}!}x^{k-l-s}y^{k-s}t^{k-l-s} \\ &{}\times \biggl( p^{\binom{l}{2}-\binom{n}{2}}\frac{ ( xt ) ^{l}}{ [ l ] _{p,q}!}\frac{\varepsilon_{p,q}(t)}{\varepsilon _{p,q}(xt)} \biggr) \biggl( p^{\binom{s}{2}-\binom{n}{2}}\frac{ ( xt ) ^{s}}{ [ s ] _{p,q}!}\frac{\varepsilon_{p,q}(t)}{\varepsilon _{p,q}(xt)} \biggr) \\ ={}&p^{\binom{n}{2}-\binom{s}{2}-\binom{l}{2}}\frac{ [ l ] _{p,q}! [ s ] _{p,q}!}{ [ k ] _{p,q}!}x^{k-l-s}y^{k-s}t^{k-l-s}\digamma_{l}^{p,q} ( x,t ) \digamma_{s}^{p,q} ( x,yt ). \end{aligned}$$ \end{document}$$ From the above equation, we arrive at the desired result. □

### Corollary 6 {#FPar20}
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                \begin{document}$$ B_{k,n}(xy;p,q)=\sum_{j=0}^{n-k}p^{-\binom{j}{2}}B_{n-j,n}(x;p,q)B_{k,n-j}(y;p,q). $$\end{document}$$

### Proof {#FPar21}

By using ([3.3](#Equ16){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \digamma_{0}^{p,q} ( x,t ) ={}&\sum _{n=0}^{\infty }B_{0,n}(x;p,q)\frac{t^{n}}{ [ n ] _{p,q}!} \\ ={}&\sum_{n=0}^{\infty}p^{-\binom{n}{2}}\prod _{l=0}^{n-1} \bigl( p^{l}-xq^{l} \bigr) \frac{t^{n}}{ [ n ] _{p,q}!}. \end{aligned}$$ \end{document}$$ By using ([3.3](#Equ16){ref-type=""}) again in the following equations, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} &\digamma_{k}^{p,q} ( xy,t ) =\sum _{n=0}^{\infty }B_{k,n}(xy;p,q)\frac{t^{n}}{ [ n ] _{p,q}!}, \\ &\digamma_{k}^{p,q} ( y,xt ) =\sum _{n=0}^{\infty}B_{k,n}(y;p,q)\frac{ ( xt ) ^{n}}{ [ n ] _{p,q}!}. \end{aligned} $$\end{document}$$ By substituting ([3.22](#Equ35){ref-type=""}) and ([3.23](#Equ36){ref-type=""}) into ([3.19](#Equ32){ref-type=""}), after some calculations, we arrive at the desired result. □

### Corollary 7 {#FPar22}
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                \begin{document}$$ p^{-\binom{n}{2}}\prod_{l=0}^{n-1} \bigl( p^{l}-xtq^{l} \bigr) =\sum_{j=0}^{n}p^{- ( \binom{j}{2}+\binom{n-j}{2} ) }B_{j,n}(x;p,q) \prod_{l=0}^{j-1} \bigl( p^{l}-tq^{l} \bigr). $$\end{document}$$

### Proof {#FPar23}

Using ([3.21](#Equ34){ref-type=""}) and ([3.1](#Equ14){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$ B_{0,n}(xt;p,q)=\sum_{j=0}^{n}p^{-\binom{j}{2}}B_{n-j,n}(x;p,q)B_{0,n-j}(t;p,q) $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$ B_{0,n}(x;p,q)=p^{-\binom{n}{2}}\prod_{j=0}^{n-1} \bigl( p^{j}-xq^{j} \bigr). $$\end{document}$$ After replacing *j* by $\documentclass[12pt]{minimal}
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                \begin{document}$n-j$\end{document}$ in ([3.25](#Equ38){ref-type=""}) and some basic calculations, the proof of the corollary is completed. □
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                \begin{document}$(p,q)$\end{document}$-analogue of Marsden's identity {#Sec8}
-------------------------------------------------------------------------------------
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                \begin{document}$( p,q ) $\end{document}$-Bernstein polynomials.

### Corollary 8 {#FPar24}
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                \begin{document} $$\begin{aligned} &p^{-\binom{n}{2}}\prod_{l=0}^{n-1} \bigl( tp^{l}-xq^{l} \bigr) \\ &\quad=\sum_{j=0}^{n}p^{- ( \binom{j}{2}+\binom{n-j}{2} ) }(-1)^{j}q^{\binom{j}{2}} \frac{B_{j,n}(x;p,q)B_{n-j,n}(t;\frac {p}{q})}{\left [ \begin{matrix} n \\ j\end{matrix} \right ]_{\frac{p}{q}}},\quad \biggl\vert \frac{p}{q} \biggr\vert >1. \end{aligned}$$ \end{document}$$

### Proof {#FPar25}

By using the same method as that of Corollary 4.15 in Goldman et al. \[[@CR1]\] on the interval $\documentclass[12pt]{minimal}
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                \begin{document}$1/t$\end{document}$ in ([3.24](#Equ37){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ p^{-\binom{n}{2}}\prod_{l=0}^{n-1} \bigl( p^{l}-xt^{-1}q^{l} \bigr) =\sum _{j=0}^{n}p^{- ( \binom{j}{2}+\binom{n-j}{2} ) }B_{j,n}(x;p,q)\prod _{l=0}^{j-1} \bigl( p^{l}-t^{-1}q^{l} \bigr), $$\end{document}$$ and then multiplying both sides of ([3.26](#Equ39){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$$ p^{-\binom{n}{2}}\prod_{l=0}^{n-1} \bigl( tp^{l}-xq^{l} \bigr) =\sum_{j=0}^{n}p^{- ( \binom{j}{2}+\binom{n-j}{2} ) }B_{j,n}(x;p,q) \prod_{l=0}^{j-1} \bigl( tp^{l}-q^{l} \bigr) t^{n-j}. $$\end{document}$$ By using ([3.1](#Equ14){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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                \begin{document}$$ t^{n-j}\prod_{l=0}^{j-1} \bigl( tp^{l}-q^{l} \bigr) =(-1)^{j}q^{\binom{j}{2}}t^{n-j} \prod_{l=0}^{j-1} \biggl( 1-t \biggl( \frac{q}{p} \biggr) ^{-l} \biggr) =(-1)^{j}q^{\binom{j}{2}} \frac {B_{n-j,n}(t;\frac{p}{q})}{\bigl[ {\scriptsize\begin{matrix}{} n \cr j\end{matrix}} \bigr]_{\frac{p}{q}}}. $$\end{document}$$ By combining ([3.27](#Equ40){ref-type=""}) and ([3.28](#Equ41){ref-type=""}), we derive a $\documentclass[12pt]{minimal}
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                \begin{document}$[ 0,1 ] $\end{document}$. Thus, the proof of the corollary is completed. □

Conclusion {#Sec9}
==========

In this study, we have first introduced a generating function of $\documentclass[12pt]{minimal}
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                \begin{document}$(p,q)$\end{document}$ -Bernstein polynomials. By means of this new function, we have constructed many new results and identities which are generalizations of *q*-Bernstein basis polynomials earlier originally introduced by Goldman et al. in \[[@CR1]\].
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